We consider all or nothing investment problem with a finite time horizon when the investment opportunity set is changing stochastically over time, especially under Markovian regime-switching environment, and a decision maker faces ambiguity of parameters governing profit flow dynamics of the investment. We apply α-Maxmin Expected Utility(α-MEU) preferences to reflect the ambiguity seeking attitude of decision maker and provide semi-explicit formulas for the expected value of investment and the critical present value of the profit flow. Numerical results show that the critical present value of the profit flow depends on the business cycle and a paramount parameter in investment decision making is related to a investment period.
Introduction
We consider a risk-neutral entrepreneur of a firm who wants to start an innovative business or project with an initial sunk cost. In order to decide whether to invest or not at the present time, she evaluates the investment. In this paper, we assume that she faces ambiguity and considers the business cycle.
We assume that a decision maker faces ambiguity about future profit flow. Recently, Knightian uncertainty or ambiguity is used to explain economical and behavioral issues. It considers problems with an environment on a set of probability measures instead of single probability measure. Maxmin framework established by Gilboa and Schmeidler (1989) , which is developed to intertemporal framework by Chen and Epstein (2002) , ignores positive effects of ambiguity. In this framework, decision makers only look at the worst case scenario, i.e., the attitude toward ambiguity is extremely negative. However, all decision makers are not completely pessimistic.
Hence, it is natural that there are existing literature reflecting various attitudes of decision makers such as smooth ambiguity, α-Maxmin Expected Utility(α-MEU) preferences.
The α-MEU preferences introduced by Ghiradato et al. (2004) and Olszewski (2007) involve an ambiguity loving(seeking) attitude of the decision maker. It is a convex combination of two extreme cases, i.e., the worst case and the best case. Hence, the framework using α-MEU preferences makes it possible to examine the effects of attitude toward ambiguity. In the context of an investment problem, Schröder (2007) studies an all or nothing problem and the irreversible investment problem extending Nishimura and Ozaki (2007) by using α-MEU preferences. He finds that if a decision maker has a small fraction of optimism, he is eager to invest significantly because of the presence of ambiguity. It is well harmonized with behavioral economics and psychology literature. Heath and Tversky (1991) points out that entrepreneurs tend to look at the best scenario when they face ambiguity since they have overconfidence. But Nishimura and Ozaki (2007) and Schröder (2007) don't consider the business cycle and mainly deal with an infinite time horizon even though there are many projects which have a given fixed maturity time or finite life-time in a real-life economy.
In Driffill et al. (2003) , the authors deal with an entry and exit problem under a regime-switching environment, but they don't consider ambiguity.
Taking into a account a regime-switching environment, first introduced by Hamilton (1989 Hamilton ( , 1990 , financial and behavioral economics is meaningful and important. For example, highlights that the effect of transaction costs under a regime-switching environment is much bigger than that of costs without regime switching. And Fuh et al. (2003) explains empirical investigation like volatility smile, volatility clustering etc. using hidden Markov regime-switching model.
If the profit flow of the investment depends on the business cycle, a decision maker has to consider it. When contraction begins, the product prices can decrease or collapse and related firms can go bankrupt. So the the profit flow of the project in a contraction period is different from that in an expansion period. When the decision maker who evaluates the project is not myopic, it will be wise to consider the business cycle.
So we consider an all or nothing investment problem 1 with a finite time horizon under ambiguity, where the investment opportunity set is changing stochastically over time, especially under Markovian regime-switching for fundamental parameter. We build a model analogous to that of Nishimura and Ozaki (2007) and Schröder (2007) , but with a consideration of regime switching for fundamental parameters such as expected return, volatility. In fact, the framework we use in this paper is a generalization of Nishimura and Ozaki (2007) and Schröder (2007) .
We assume that the entrepreneur knows whether the business cycle is in expansion or contraction at the present time. In real-life, this is natural because there are many reports by economic experts such as economist and analysts about the current economic situation and the business cycle, e.g. coincident composite index and preceding index.
We derive semi-explicit formulas of the expected value of the investment and the critical present value of the profit flow. For computation, we use moment generating function of occupation time which is suggested by Edwards (2005) . The result of this paper shows that, when the investment period is short, it is important to know whether it is a recession or an expansion. Secondly,
The subjective attitude toward ambiguity is more critical parameter to decide invest or not if investment period is enough long. Furthermore, the tendency of ambiguity seeking is mitigated when the decision maker considers the business cycle.
This paper is organized as follows. In Section 2, we describe an all or nothing investment problem under an ambiguous environment and the business cycle. Then we define a decision maker's problem in Section 3. Section 4 presents numerical examples and comparative statics.
2 Profit flow under ambiguous and regime-switching environment 2.1 Regime-switching environment
We assume that there are two regimes: regime E and C which means "expansion" and "contraction", respectively. When a market-independent Poisson processes N (t) with intensity λ i , i ∈ {E, C} jumps, the state changes from regime i to regime j = i.
We consider a probability space (Ω, F, P ), where the filtration {F t } is generated by a standard Brownian motion B(t) and independent Poisson process N (t), i.e.
P represents a single original probability measure from which a family of absolutely continuous so-called real-world probability measures are generated. Each stochastic process in this paper is adapted.
The profit flow under the regime-switching environment and probability measure P is defined
where
and the present profit flow π(0) ∈ R. We assume that π(0) is observable. A decision maker can compute the difference between revenue and expenditure if the project is operated at the present time.
Ambiguous Environment
We assume that the entrepreneur faces ambiguity on parameters governing the profit flow dynamics. (Nishimura and Ozaki, 2007; Schröder, 2007) solve investment problem in which the project is in an ambiguous environment. Nishimura and Ozaki (2007) study irreversible investment problem with Maxmin expected utility theory is proposed by Gilboa and Schmeidler (1989) and extended, recently, to the continuous time model by many attempts including (Hansen and Sargent, 2001; Hansen et al., 2006; Chen and Epstein, 2002 The set of density generators is defined by
where the degree of ambiguity k is nonrandom and is a perceived degree of ambiguity. Hence P = {Q θ |θ ∈ Θ} where Q θ is made out of the original probability measure and satisfies dynamic consistency. (For details, refer Chen and Epstein (2002) ; Nishimura and Ozaki (2007) ). Since the investor should decide at the present time, we naturally assume there is no learning.
In regime i ∈ {E, C}, the standard Brownian motion under Q θ is, by Girsanov's theorem(see e.g. Øksendal (2003) ), defined as
Hence, the dynamics of profit flow with respect to Q θ is given by
subject to (2) and (3).
By the Itô formula, the profit flow of the project with ambiguity under regime-switching environment is
A decision maker's problem
In this paper, we use the α-MEU preferences framework. The expected value of the stochastic function f (x) is a convex combination of the best case scenario term with weight α and the worst case scenario term with weight 1 − α. Here, α ∈ [0, 1] is the degree of optimism reflecting the If we assume that ρ is the firm's subjective discount rate and T is the exit time of the project, the α-expected value, at time 0, then the investment with the profit stream under ambiguity and regime-switching environment using α-MEU preferences is given by,
Hence, the firm's entrepreneur evaluates
the value of option to invest, where I is the initial sunk cost of the project. If F i is positive, the entrepreneur will invest in the project. If F i is less than 0, the project must be abandoned.
We adopt the following assumption in order to ensure the problem makes sense:
The perceived degree of ambiguity k restricted by (11) is large enough to describe the market.
If we evaluate the inequality (11) using the parameters in Section 5, we have k < 0.3117 for an economic expansion and k < 0.2310 for an economic contraction. Note that in this paper, k does not change depending on regime-switching.
Investment decision under ambiguity and the business cycle 4.1 Evaluating the project
We borrow the method of dealing with regime-switching from Jang and Roh (2007) . For computation, we use the moment generating function of occupation as suggested by Edwards (2005) . For the calculation of the expected value of the investment V i (π(t) | α), we define a stochastic process
Furthermore, we define the occupation time that the profit flow is in high regime from time 0 to time t as ζ(s)
Theorem 1. When the profit flow of the project is given by Equation (6) subject to (2) and (3) then the following equations are satisfied.
inf
and I a (z) is the modified Bessel function defined by
Proof. See Appendix A.
We get the following results.
Corollary 1. The α-expected value of the project in regime i ∈ {E, C}, for a decision maker who has a degree of optimism α ∈ [0, 1] is given by
where f i are given by Equation (16) and (17), respectively.
Proof. It is straightforward.
For convenience, We denote φ α i as
Then we can rewrite V i (π(0)|α) as
When a decision maker has a complete ambiguity aversion, she only thinks about the worst possible scenario.
Corollary 2. (Perfectly pessimistic) The α-expected value of the project in regime i ∈ {E, C} for a decision maker who has a degree of optimism α = 0 is given by
When a decision maker's belief consists of only one probability measure, the perceived degree of ambiguity equals to 0, i.e. k = 0. The dynamics of profit flow are given by Equation (1) and (2). The value of the investment is easily obtained by inserting k = 0 in Equation (18) as follows:
Here, E P 0 [|σ(0) = σ i ] is the expectation with respect to the reference probability measure P conditional on F(0) given that the current regime i is known. In this setting, the investment opportunity set is stochastically changing over time without ambiguity. (1) and (2), the expected value of project V i (π(0)) in regime i ∈ {E, C} is represented
Similarly, if we denote φ i as
When the decision maker doesn't adopt a regime-switching environment but faces ambiguity about the profit flow, we denote the expected mean return for the one-state model as µ and the volatility as σ in a reference probability measure P .
Corollary 4. (One-state Model) When the dynamics of profit flow are given by Equation (5) subject to (3), the expected value of the project V T (π(0)|α) is represented as
Proof. It can be shown by simple calculation and using the definition of f i .
If we denote φ α as
Corollary 4 is a finite time horizon version of Schröder (2007) . If the investment period goes to infinity, i.e. T → ∞, then we get, by Assumption 1, the result of Schröder (2007) as follows:
The critical present level of the profit flow
We present the critical present value of the profit flow π * i , i ∈ {E, C} of the investment. It is defined as what makes the value of option to invest F i (π(t)|α) to be 0. If observable profit flow π i (t) is bigger than π * i , the decision maker is willing to invest. Otherwise she gives up investing. Note that the critical present value of the profit flow is regime-dependent except for the one-state model in Corollary 4.
1. Under ambiguity and regime-switching environment, the critical present value of the profit flow is
2. Under ambiguous and regime-switching environment, the critical present value of the profit flow of complete ambiguity aversion (α = 0) is
3. Under regime-switching environment, the critical present value of the profit flow is
4. Under ambiguity and the one-state model, the critical present value of the profit flow is
Comparative Statics
The parameters are calibrated for the growth rate of the profit flow for an individual firm in Driffill (1/λ C = 1/3.413 ∼ = 0.293) is the expected waiting time to jump from expansion (recession)
to recession (expansion). These parameters are consistent with the report that an economical expansion persist longer than an economical contraction.
[[Insert Table 1 Here]]
[[Insert Table 2 Here]]
In Table 1 and 2, we present the expected values of investment and the critical present value of the investment with varying attitude toward ambiguity α, perceived level of ambiguity k, investment period T , respectively. For each case, the upper value corresponds to when she is in an economic expansion and the lower value corresponds to when she is in an economical recession.
A change in time horizon
Since we assume that the profit flow of the investment is basically geometric Brownian motion modified by introducing ambiguity and regime-switching, it is always nonnegative. Hence an investment which has a longer period implies a greater the expected value of investment and smaller critical present value of the profit. These are shown in Table 1 and 2 3 .
If the project has a short life, it is very important to distinguish whether it is expansion or recession. 4 Longer investment period decreases the gap of the profit from the initial state. Hence, the subjective attitude toward ambiguity α is more critical parameter to decide invest or not if investment period is enough long. We can check it from comparing Figure 2 and 4 in which we can 3 From a computational point of view, we can regard T = 450 as infinity. 4 We don't need to know how long the state has been occupied because of the memorylessness of the exponential distribution.
group lines by initial state and the subjective attitude toward ambiguity parameter α, respectively.
According to investment period time, different parameter become paramount in decision making.
[[Insert Figure 1 Here]]
[[Insert Figure 2 Here]]
[[Insert Figure 3 Here]]
[[Insert Figure 4 Here]]
A change (an increase) in ambiguity
The expected value of the investment V i (π(0) = 1|α) as a function of the perceived level of ambiguity k is shown in Figure 1 and 3. The investment value under the contraction regime at time 0 is greater than that under the expansion regime at time 0. This is well harmonized with the well known fact in context of real option theory e.g. Dixit and Pindyck (1994) that an increase of volatility of the real option increases the value of real option. Only when the investor is completely pessimistic among 3 cases in Figure 1 and 3, α = 0, does increasing ambiguity decrease the value of the investment. Our analysis suggests that when the observable present profit flow is the same, it is preferable to invest the investment under the contraction regime. It is well displayed in Figure   2 and 4.
We compare the regime switching model with the one-state model. In case of T = 450, for α = 0.5 or 1, the slope of the expected value of the investment of the one-state model is much greater than that of our model when the perceived level of ambiguity k is around 0.11 in Figure 3 .
This shows that when the investor concerns the business cycle, the positive effect of the ambiguity is mitigated. We can check that in Figure 4 . When k = 0, i.e. there is no ambiguity of the profit flow, the critical present value of profit flow π * of the one-state model is located between that of when the initial state is an economic expansion and that of when the initial state is in an economic contraction. This relationship is broken when k is around 0.11 for α = 0, or 0.5. In case of k = 0.2 and α = 0 or 0.5, furthermore, the critical present value of one-state model is half of that of our model. The tendency of ambiguity seeking in the Shröder model is greatly diminished.
When the investment period of the project T equals 5, Figure 1 and 2 show that if the investment period is short, the expected value of investment and the critical present value of the profit flow depends on the business cycle. Since the risk of regime-switching (regime risk) is reflected, the critical present value of the profit flow π * i is greater than that of the one-state model even though the volatility of contraction regime is greater than that of the one-state model. It shows that when the investment period is short, considering the business cycle is very important to make investment decisions.
A change (an increase) in optimism
From Equation (18), we get ∂Vi(π(0)|α) ∂α
where i ∈ {E, C}, and f i are given by Equation (16) and (17), respectively. For a given parameter set, this value is constant and is slope of the line in Figure 5 and 7. Furthermore, the critical present profit flow π * i is in inverse proportion to the perceived level of ambiguity k as shown by 
Lemma 1. Given 0 ≤ T (t) = u ≤ t, X(t) is normally distributed with mean zero and variance u.
Proof. See the Appendix of Jang and Roh (2007) .
Lemma 2. Given 0 ≤ T (t) = u ≤ t, the correlation between X(t) and B(t) θ is r u t .
Proof. See the Appendix of Jang and Roh (2007).
The following Lemma is a well known result. 
Proof. Let f i (s, u) be a PDF of ζ(s), where σ(0) = σ i , then we have
By Lemma 1, X(s) √ u is a standard normal variable and the correlation between B(s) θ √ s and X(s) √ u is r u s by Lemma 2. Using Lemma 3, we obtain
Using the result of Lemma 4, we have
Note that
which is equal to (34). This implies
Using similar argument, we can prove that inf Default parameters are λE = 0.293, λC = 3.413, µE = 0.056349723, µC = 0.03069200, σE = 0.14, σC = 0.3, ρ = 0.1, π(0) = 1, I = 10, µ = 0.049548513, and σ = 0.2.
